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al non-trivial topologies on the CMB
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Imperial College London
(Dated: Otober 6, 2018)
The apparent low power in the CMB temperature anisotropy power spetrum derived fromWMAP
motivated us to onsider the possibility of a non-trivial topology. We fous on simple spherial multi-
onneted manifolds and disuss their impliations for the CMB in terms of the power spetrum,
maps and the orrelation matrix. We perform Bayesian model omparison against the duial best-
t ΛCDM based both on the power spetrum and the orrelation matrix to assess their statistial
signiane. We nd that the rst year power spetrum shows a slight preferene for the Trunated
Cube spae, but the 3-year data show no evidene for any of these spaes.
INTRODUCTION
The advent of high-preision osmologial observations
has revived interest in the topology of the Universe. The
latest measurements leading to questioning our assump-
tion of a simply-onneted topology ame from WMAP
[? ? ℄. The anomalously low power at large sales in the
temperature power spetrum, Cℓ, and suggestions of pre-
ferred diretions [? ? ℄ in the rst year data ould not be
aounted for in the ontext of the standard at ΛCDM
model. A non-trivial topology ould be a possible ex-
planation. The observed low power, also reeted in the
temperature orrelation funtion, would arise naturally
in this ontext as a onsequene of the nite volume of
the Universe. Thus, a number of (mainly at), non-trivial
topologies have been invoked, and various statistial tests
employed to infer their validity (e.g. [? ? ? ? ? ? ?
℄). We study some of the simplest spherial non-trivial
topologies. A losed geometry is marginally onsistent
with the data (Ωk ≡ 1 − Ω0 = −0.02± 0.02). Moreover,
the size of spherial manifolds (i.e., the length in various
diretions) is xed with respet to the urvature radius,
leaving only the urvature as a free parameter. Spher-
ial manifolds have been disussed before, mainly with
regards to their power spetra [? ? ? ℄. Here, we expand
upon this work, presenting full orrelation matries and
maps and use Bayesian model omparison (rst applied
in osmologial model seletion in [? ℄) to assess their
viability.
We selet our models using the geometrial degeneray
[? ℄, whih states that universes of dierent spatial ur-
vature have idential Cℓ at small sales if their primordial
power spetra, matter density and aousti peak loation
parameter are the same. The degeneray breaks at the
large sales due to the ISW eet. We used this degen-
eray in [? ℄ to onstrut Cℓ of simply-onneted losed
models showing redued power at low ℓ. We thus ensure
our models exhibit the same high-ℓ Cℓ as the WMAP best
t and fous on the low-ℓ regime, where topology plays
an important role (we examine the 2 ≤ ℓ ≤ 10 region).
The degeneray onstrains all osmologial parameters
but the urvature, whih is therefore related to the Hub-
ble parameter; the two an be used as free parameters
interhangeably [? ℄. We explore −0.063 ≤ Ωk ≤ −0.008
orresponding to 52 ≤ H0 ≤ 68 km/se/Mp.
SPHERICAL NON-TRIVIAL TOPOLOGIES AND
THEIR IMPRINTS
We fous on the Quaternioni, Otahedral, Trunated
Cube and Poinaré spaes. Their topologial proper-
ties are listed in [? ? ℄. Their fundamental domains
are a four-sided prism, a regular otahedron, a trun-
ated ube and a regular dodeahedron and the num-
ber of fundamental domains tesselating the 3-sphere is
8, 24, 48 and 120 respetively. These manifolds are
rigid, indiating they have no other degrees of freedom
aside from their orientation with respet to the oordi-
nate system. The CMB temperature anisotropy spherial
harmoni expansion oeients and orrelation matrix
Cℓ
′m′
ℓm ≡ 〈aℓma∗ℓ′m′〉 take the form
aℓm =
∑
β
∆ℓ(β)
√
P (β)
∑
s
ξsβℓmeˆβs
Cℓ
′m′
ℓm =
∑
β,s
∆ℓ(β)∆ℓ′(β)P (β)ξ
s
βℓmξ
s∗
βℓ′m′
where ∆ℓ are the CMB transfer funtions extrated from
CMBFAST, P (β) is the primordial power spetrum of
perturbations and the eˆ are Gaussian random numbers.
The ξsβℓm are partiular to the spae in question and en-
ode its topologial properties. They are omputed via
a variant of the `ghost method' [? ℄, whih we will de-
sribe in detail in [? ℄. The β = (k + 1)
√
K are disrete
wavenumbers where k > 1 is an integer and K is the (un-
normalized) urvature. Finally, we note that, while in a
simply-onneted trivial topology all k ≥ 2 orrespond
to eigenvalues of the Laplaian, this is not the ase with
the multi-onneted topologies [? ℄. In our analysis, we
used β ≤ 41 for 2 ≤ ℓ ≤ 10.
Spherial multi-onneted spaes exhibit redued mode
density (whih an result in suppression of power) and
anisotropi orrelations at large sales. Fig. 1 shows the
Cℓ of the four spaes of interest for Ωk = −0.017.
A derease in the size of the fundamental domain and
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Figure 1: Power spetra of simply-/multi-onneted spherial
spaes for Ωk = −0.017 and a onstant spetral index and
from the rst-year WMAP data. The drop at higher ℓ is
partly artiial and due to the small number of wavenumbers
we used (β ≤ 41).
the number of allowed eigenmodes inreases the sup-
pression at large sales and the power spetrum appears
more jagged. These eets beome stronger if the urva-
ture inreases and at very high Ωk the Otahedral spae
shows a power deit as well, supporting the argument
[? ℄ that small well-proportioned universes suppress the
quadrupole. The t of the Cℓ of the Trunated Cube
and Poinaré spaes is worth noting; however, it requires
ne-tuning Ωk.
Our manifolds are intrinsially anisotropi, induing
apparent non-Gaussianity on CMB maps (i.e., if analyzed
assuming isotropy the distribution of multipole moments
at a single ℓ might seem inonsistent with a univariate
Gaussian). We onstruted maps for 2 ≤ ℓ ≤ 10 and
show a sample in Fig. 2. There appears to be some
struture in the maps of the two smallest spaes when
Ωk = −0.063, but when the urvature dereases all maps
appear interhangeable. Of ourse, we would have to
analyze a large sample to identify any patterns. Upon
deomposition of our realisations into individual multi-
poles, we found ourrenes of alignment; however, we
need more realisations to draw any denite onlusions
and the alignments we found may be isolated, patholog-
ial features.
Figure 2: Maps for spherial non-trivial/trivial spaes. Top
row: Ωk = −0.063. Bottom row: Ωk = −0.017.
Signatures of multi-onnetedness are muh more ap-
parent in the orrelation matrix. Fig. 3 shows visuali-
sations of a row of Cℓ
′m′
ℓm in pixel spae. The Quater-
nioni spae shows no struture, the Otahedral spae
only shows orrelations when Ω0 is high and the other two
spaes always show orrelations. The extent of these pat-
terns grows as the fundamental domain beomes smaller
and the topology more omplex. These orrelations ap-
pear when the distane to the LSS, χLSS , beomes larger
than the injetivity radius RI (half the smallest geodesi
between an objet and its image) of a given topology. In
our models, χLSS varies (in units of the urvature radius)
from 0.649 (for Ωk = −0.063) to 0.280 (for Ωk = −0.007).
The RI for the Quaternioni, Otahedral, Trunated
Cube and Poinaré spaes are 0.785, 0.524, 0.397 and
0.314 respetively [? ℄. In our ase, for the Quater-
nioni spae RI > χLSS always, and for the Otahe-
dral, Trunated Cube and Poinaré spaes RI > χLSS at
Ωk ∼ −0.029,−0.012,−0.009 respetively. Beyond these
limits, it is impossible to identify any of these topologies
using the irles-in-the-sky method; however, they an
be deteted by our analysis, sine o-diagonal terms still
exist in the orrelation matrix.
Figure 3: A row of Cℓ
′
m
′
ℓm for spherial non-trivial/trivial
spaes showing orrelations with the point in the upper left.
Top row: Ωk = −0.063. Bottom row: Ωk = −0.017.
We also experimented with varying the spetral index
n of the primordial power spetrum of perturbations: for
a range of n from 0.5 to 1.2 and various values of H0
we found that a hange in n tilts the power spetrum
as expeted, but leaves the patterns in the orrelation
matrix largely unhanged.
MODEL COMPARISON
The suppression of power at low ℓ suggests that these
multi-onneted manifolds ould explain the WMAP
ndings. In order to assess their statistial signiane,
we perform Bayesian model omparison as in [? ℄.
Power Spetrum. We rst ompare the non-trivial
topologies to the duial best t model with respet to
the 2 ≤ ℓ ≤ 10 part of the power spetrum. We use both
the rst- and three-year power spetra, beause they dif-
fer primarily as a result of a dierent analysis tehnique
used by the WMAP team[? ℄. Thus, we will be able to
identify the impat of using dierent data analysis teh-
niques on the evidene for spherial topologies.
We express the likelihood as a funtion of the urvature
and show it for both the rst- and three-year WMAP
data in Fig. 4. In eah ase we have used the appropriate
3likelihood ode oered by the WMAP team (note that
for the three-year data we use the low-ℓ omponent of
the WMAP likelihood ode).
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Figure 4: Likelihood based on the power spetrum.
We see that the rst year data strongly favours a higher
urvature (orresponding to lower values of H0) and a
smaller fundamental domain, as a smaller universe would
show more suppression of power at low ℓ, in agreement
with the data. In the ase of the Poinaré spae, how-
ever, the highly-losed regime Ωk <∼ −0.06 regime is not
favoured, beause the Cℓ do not t the data well. The
same trend is observed in the likelihood based on the
three-year data. We note that the drop in the likelihood
at higher urvature is partly artiial and due to the fat
that we only used k ≤ 40 in our alulations.
We present the evidene for eah topology in Table
I. We impose a at prior on Ωk in the range [−0.063,
−0.008℄ (52 km/se/Mp ≤ H0 ≤ 68 km/se/Mp). The
upper bound is a result of omputational limitations pre-
venting us from getting aurate power spetra and or-
relation matries at higher Ω0. The lower bound is based
on numerous suggestions that the Hubble onstant is not
likely to be any lower (see [? ℄ and referenes therein).
The Otahedral and the Trunated Cube spaes are pre-
ferred by the rst year data with Bayes fators of 2 and
8 respetively. The latter gure translates into denite,
though not strong, evidene in favour of the Trunated
Cube. However, the three-year data exlude all non-
trivial topologies.
If we swith from the agnosti at prior on Ωk to a
Gaussian with H0 = 72 ± 10 km/se/Mp (allowing for
systemati error), we nd a drop in the evidene for non-
trivial topologies based on the rst year data. This is
expeted, sine this prior emphasizes higher values of H0,
where the likelihood is lower. Now only the Trunated
Cube spae is preferred, by a Bayes fator of just 2. When
taking into aount the three-year data a hange in the
prior does not have a signiant eet.
Correlation Matrix. Evidently, Ωk is still a free pa-
rameter of our likelihood funtion; now, however, we
must take into aount the fat that Cℓ
′m′
ℓm is not rotation-
ally invariant. We an express the dependene on orien-
model Bayes fator σ preferene
best-t 1 1  
Quaternioni 0.864 0.077 0.54 2.26 best-t
Otahedral 2.031 0.320 1.19 1.51 Otahedral best-t
Tr. Cube 8.064 0.142 2.04 1.98 Tr. Cube best-t
Poinaré 0.400 0.037 1.35 2.57 best-t
best-t 1  
Quaternioni 0.0395 2.54 best-t
Otahedral 0.0047 3.28 best-t
Tr. Cube 0.0003 4.01 best-t
Poinaré ≪ 1 ≫ 1 best-t
Table I: Top panel: Model omparison using Cℓ for the rst
(1st ol.) and three-year (2nd ol.) WMAP data. Bottom
panel: Model omparison using the orrelation matrix. The
Bayes fator of the preferred model is shown in bold.
tation through Euler angles α, β, γ [? ℄ with 0 ≤ α ≤ 2π,
0 ≤ β ≤ π and 0 ≤ γ ≤ 2π, realised by the Wigner
D-funtions [? ? ℄. We have also let the amplitude of
the power spetrum of initial perturbations vary slightly.
Now the likelihood takes the form:
L(A,Ωk, α, β, γ) = 1√|2πCA,Ωk |
exp−1
2
[Ra]
T
C−1A,Ωk [Ra],
where the A,Ωk subsript denotes that the orrelation
matrix depends on the urvature and the amplitude of
initial perturbations and R ≡ R(α, β, γ) is the rotation
matrix (Wigner funtion). The amplitude A [? ℄ (the
normalisation fator in CMBFAST with the option un-
norm) is related to the amplitude of utuations at hori-
zon rossing via |∆R(k0)|2 = 2.95× 10−9A. The data we
use are the aℓms extrated from the three-year WMAP
ILC map whose noise at large sales is negligible.
Marginalizing the likelihood funtion over the ampli-
tude (with a at prior in the range [0.5, 1.2℄) and the Eu-
ler angles (we will explore the struture of the likelihood
in more detail in [? ℄), shows that the data favours spaes
with little or no struture in their orrelation matries
(Fig. 5). Indeed, the likelihood funtion takes higher val-
ues for less omplex spaes, where orrelations among
various multipoles are weak.
Finally, we alulate the Bayes fator for eah topol-
ogy using the same prior on Ωk (Table I). A ompar-
ison between the two panels shows that the inlusion
of o-diagonal terms dereases the hanes of all non-
trivial topologies but the Quaternioni spae. However,
its Bayes fator is still too small to grant it any preferene
over the standard model. Changing to a Gaussian prior
on H0 does not aet these results signiantly. A om-
putation of the evidene for the Trunated Cube spae
with n = 0.5 and n = 1.2 yields Bayes fators of 10−8
and 2.6 · 10−5 respetively. Given the eet of hanging
n, we expet this result to reet mostly the hange in
the averaged diagonal power spetrum.
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Figure 5: Likelihood based on the orrelation matrix. The
likelihood of the Poinaré spae is multiplied by 10
8
.
CONCLUSION
The non-trivial topologies we have examined are not a
viable andidate for explaining the low-ℓ anomaly in the
WMAP data. Bayesian model omparison shows that the
at, simply-onneted ΛCDM model ts the data better.
Considering only the power spetrum (assuming a on-
stant n over our range of β) topologial spaes are penal-
ized for requiring a low Hubble onstant and tuning of
the urvature, while a full analysis shows that the obser-
vations do not support the extent of struture present in
their orrelation matries.
However, the possibility of a multi-onneted topol-
ogy is not neessarily exluded. We have limited our-
selves to the simplest spherial multi-onneted mani-
folds; double- or linked-ation manifolds have not been
explored (however alulating their Laplaian eigen-
modes ould be omputationally hallenging). More im-
portantly, our models required a low Hubble onstant
as a result of the geometrial degeneray. It might be
possible to adjust the power at large sales using other
ombinations of osmologial parameters, but this would
require an additional mehanism to ensure that the shape
of the power spetrum at small sales mathes the obser-
vations. Finally, it is possible that the primordial power
spetrum is atually dierent from what we used. Lak-
ing an established mehanism generating perturbations
in losed spaes, we adopted the analogue of a sale-
invariant power spetrum. If suh a mehanism is ever
oneived, it might predit a dierent form of a primor-
dial power spetrum (although a hange in the spetral
index does not aet the pattern of orrelations muh).
Another possibility would be to searh for more informa-
tion in other aspets of CMB observations, suh as polar-
isation, where a irles-in-the-sky approah might yield
some results [? ℄. But even in this ase, a full analysis
would have to follow the steps we desribed above.
In onlusion, although the urrent data and the
osmologial theories at hand do not support the ase
for a non-trivial topology, the number of possibilities left
to explore suggests that the issue of the topology of the
Universe is far from settled.
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